Abstract. In [4] a pointwise inequality involving the scalar curvature, the normal scalar curvature and the mean curvature was proven for submanifolds of real space forms with codimension two. In the present paper we classify three-dimensional submanifolds of E 5 realizing equality at every point. We prove that we can construct such a submanifold starting with an arbitrary minimal surface in the unit four-sphere S 4 (1), whose ellipse of curvature is a non-degenerate circle, and a real eigenfunction of its Laplacian with eigenvalue −2.
Introduction
Consider a submanifold M n of a real space form M n+k (c) of constant sectional curvature c. Fixing a point p of M n , we denote by ρ the normalized scalar curvature of the submanifold at p, by ρ ⊥ the normalized normal scalar curvature of the submanifold at p, and by H the mean curvature vector of the submanifold at p. In [4] the following conjecture was formulated.
Conjecture 1 ([4]). Let M
n be a submanifold of a real space form M n+k (c). Then at every point p ∈ M n , the following inequality holds:
In the same article, a proof was given for submanifolds with codimension two. But the inequality has been proven in some other cases. In [2] , it was proven for normally flat submanifolds, in particular for hypersurfaces. In [7] , it was proven for surfaces in real space forms with arbitrary codimension. Remark that for surfaces in E 3 the inequality reduces to the following well-known inequality between the Gaussian curvature and the mean curvature of the surface:
Furthermore, the inequality has been proven for submanifolds of the unit six-sphere S 6 (1) which are Lagrangian with respect to the standard nearly Kähler structure of S 6 (1) in [3] , and for minimal submanifolds of E 6 which are Lagrangian with respect to the standard complex structure of E 6 and for ultra-minimal submanifolds of E 8 which are Lagrangian with respect to the standard complex structure of E 8 in [6] . Finally, in [5] a proof was given for submanifolds of E 2n which are invariant with respect to the standard complex structure of E 2n and for submanifolds of S 2n+1 (1) which are invariant with respect to the standard Sasakian structure of S 2n+1 (1), where, in both cases, n is an arbitrary strictly positive integer.
The submanifolds with codimension two which realize the equality ρ ⊥ = H 2 − ρ + c at every point were first described in [4] in terms of their shape-operators. In [6] this description was improved, yielding that such submanifolds are either totally umbilical or minimal. In the present paper we deal with three-dimensional submanifolds of E 5 which realize this equality at every point. We will prove that we can construct such a submanifold starting with an arbitrary minimal surface in S 4 (1), whose ellipse of curvature is a non-degenerate circle, and a real eigenfunction of the Laplacian of this minimal surface, with eigenvalue −2. Moreover, we show that all these submanifolds can be constructed in this way.
Preliminaries
Consider an isometric immersion f : M n → M n+k of Riemannian manifolds. If we denote by f * the derivative map of f , by X and Y vector fields on M n , and by ξ a vector field along f taking values in the normal bundle, then the formulas of Gauss and Weingarten state that
where ∇ is the Levi Civita connection of M n and ∇ is the covariant differentiation along f , based on the Levi Civita connection of M n+k . The symmetric (1, 2)-tensor field h taking values in the normal bundle is called the second fundamental form. The shape-operator A ξ is an endomorphism of the tangent space to M n at every point and ∇ ⊥ is a connection in the normal bundle. We denote by R and R the Riemann-Christoffel curvature tensors of M n and M n+k respectively, and by R ⊥ the curvature tensor associated to the normal connection ∇ ⊥ . From now on we assume that M n+k is a real space form of constant sectional curvature c, denoted by M n+k (c), i.e.
With the notations from above, we can formulate the equations of Gauss, Codazzi and Ricci:
where X, Y , Z and W are vector fields tangent to M n and ξ and η are vector fields normal to
Now fix a point p ∈ M n and denote by {e 1 , . . . , e n } an orthonormal basis of T p M n and by {ξ 1 , . . . , ξ k } an orthonormal basis of T ⊥ p M n . Then we define the (normalized) scalar curvature ρ(p), the (normalized) normal scalar curvature ρ ⊥ (p) and the mean curvature vector H(p) of the immersion at the point p respectively by
where Latin indices range from 1 to n and Greek indices range from 1 to k. In [4] , the following theorem was proven.
Moreover, the equality
holds at p if and only if there exists an orthonormal basis {e 1 , . . . , e n } of T p M n and an orthonormal basis
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If we assume that one of the following conditions holds:
then there exists a local orthonormal tangent, resp. normal, frame which we shall also denote by {e 1 , . . . , e n }, resp. {ξ 1 , ξ 2 }, such that the shape-operators take the form (3) on a neighbourhood of p. Moreover, we have the following equations for 3 ≤ i, j, k ≤ n:
The proof of the equalities in Theorem 1 uses the equation of Codazzi. In [6] , the characterization of the submanifolds of codimension two realizing equality (2) at every point in terms of their shapeoperators was improved in the following way.
Theorem 2 ([6]). Let M
n be a submanifold of a real space form M n+2 (c). Then M n realizes equality (2) at every point if and only if there exist a local orthonormal tangent frame {e 1 , . . . , e n } and a local orthonormal normal frame {ξ 1 , ξ 2 } on M n such that the shape-operators are given by (3) , with the extra condition λµ = 0.
This implies that M n is either totally umbilical or minimal in M n+2 (c).
As announced in the introduction, the aim of this paper is to give a full classification of threedimensional submanifolds M 3 of E 5 realizing equality (2) at every point. Let us first consider the case that M 3 is totally umbilical. The classification of totally umbilical submanifolds in real space forms is well-known, see for example [1] . Moreover, one can easily verify that any totally umbilical submanifold of any real space form realizes equality (2) . Indeed, let M n be a totally umbilical submanifold of M n+k (c). After choosing a suitable orthonormal normal frame {ξ 1 , . . . , ξ k }, we may assume that A ξ2 = . . . = A ξ k = 0 and A ξ1 = λ id. Now H = λξ 1 and using the equations of Gauss and Ricci, we obtain respectively that ρ = c + λ 2 and ρ ⊥ = 0. This proves our claim. So in view of Theorem 2, we can from now on restrict our attention to minimal submanifolds M 3 of E 5 with shape-operators
with respect to a well-chosen orthonormal tangent frame {e 1 , e 2 , e 3 } and a well-chosen orthonormal normal frame {ξ 1 , ξ 2 }. Remark that there is a certain degree of freedom in the choice of e 1 and e 2 . 
The following lemma gives a system of partial differential equations which the eight functions a
Proof. The first seven equations follow from the equation of Gauss. The next three follow from the equation of Ricci and the last three are nothing but the equations in (6), hence they follow from the equation of Codazzi.
It seems impossible to solve the system given in Lemma 2 with respect to an appropriate coordinate system on M 3 . Hence we need a more geometric approach to attack the classification problem.
The classification theorem
In this section, we will prove the main result of this paper.
Theorem 3. Let f : M
3 → E 5 be a non totally umbilical submanifold, realizing equality (2) at every point. Then there exist local coordinates (z, t) ∈ C × R on M 3 , with respect to which the immersion is given by f (z, t) = x(z) + ty(z). Here, y : U ⊆ C → S 4 (1) ⊂ E 5 is a minimal surface in the unit four-sphere, whose ellipse of curvature is a non-degenerate circle. On the other hand, x : U ⊆ C → E 5 satisfies the equation
where λ is a real eigenfunction of the Laplacian of y with eigenvalue −2, i.e., λ satisfies
Conversely, every immersion constructed in this way, realizes equality (2) at every point.
Remark 1. If we take λ = 0, then the surface x reduces to a point and the constructed submanifold will be a cone over the surface y. Moreover, for any minimal surface y : U ⊆ C → S n (1) ⊂ E n+1 , the component functions satisfy ∆ y y j = −2y j , for j = 1, . . . , n + 1. Hence, Theorem 3 enables us to construct examples, starting with any minimal surface in S 4 (1), whose ellipse of curvature is a non-degenerate circle.
Proof of Theorem 3. Assume that the immersion f : M 3 → E 5 realizes equality (2) at every point and is not totally umbilical. Take an orthonormal tangent frame {e 1 , e 2 , e 3 } and an orthonormal normal frame {ξ 1 , ξ 2 } as in Theorems 1 and 2. Then the shape-operators take the form (4) for some nonzero function µ. Denoting by D the Euclidean connection of E 5 , it follows from the ninth equation of (5) and the formula of Gauss that D e3 f * e 3 = 0. This means that the integral curves of f * e 3 are geodesics in E 5 , i.e., straight lines. Now take local coordinates (u, v, t) on M 3 , such that ∂ ∂t = e 3 . Then we obtain that the immersion takes the form
where we should look at x and f * e 3 as maps which are locally defined on a surface N 2 in M 3 , transversal to the integral curves of e 3 , into E 5 . From now on, we denote f * e 3 (u, v) by y(u, v). This is clearly a map into the unit four-sphere S 4 (1) ⊂ E 5 and we will examine this map in more detail.
Therefore, define the functions a 1 , a 2 , a 3 , b 1 , b 2 , d 1 and d 2 as before and consider the following vector fields on N 2 :
where α and β are chosen in such a way that U and V are tangent to N 2 . By using (5) and the formula of Gauss, we see that D U f * e 3 = f * e 1 and D V f * e 3 = f * e 2 , or equivalently y * U = f * e 1 and y * V = f * e 2 . This implies that the tangent plane to the surface y in S 4 (1) ⊂ E 5 is spanned by {f * e 1 , f * e 2 }, and hence the normal space is spanned by {ξ 1 , ξ 2 , f * e 3 }, where ξ 1 and ξ 2 are tangent to S 4 (1), and f * e 3 is normal to S 4 (1). Using the formula of Gauss, formulae (5) and the form of the shape-operators (4), we can compute the second fundamental form of this surface in S 4 (1) to be
In order to turn y into an isometric immersion of N 2 into S 4 (1) ⊂ E 5 we have to consider on N 2 the pulled-back metric y * ·, · , where ·, · is the Euclidean metric on E 5 . With respect to this metric, U and V form an orthonormal basis of the tangent plane to N 2 at every point. Hence, we can conclude from (8) that y is minimal in S 4 (1) and that the ellipse of curvature at any point p ∈ N 2 , defined by
is a non-degenerate circle. We shall from now on assume that the coordinates (u, v) are isothermal coordinates for the minimal surface y, i.e., we put y u , y u = y v , y v = e ω and y u , y v = 0. Then (with slight abuse of notation), we have h y (y u , y u ) + h y (y v , y v ) = 0, h y (y u , y u ) = h y (y u , y u ) and h y (y u , y u ), h y (y u , y v ) .
Let us now study the surface x. We know that the tangent space to M 3 in E 5 is spanned by {f * e 1 , f * e 2 , f * e 3 }, but, from (7), also by {x u + ty u , x v + ty v , y = f * e 3 }. Since both y u and y v are linear combinations of y * U and y * V , i.e., of f * e 1 and f * e 2 , this implies that
for some functions α 1 , α 2 , α 3 , β 1 , β 2 and β 3 . The compatibility condition for this system reads
Comparing the components orthogonal to y, y u and y v , gives
or equivalently,
Since the ellipse of curvature of y is non-degenerate, we obtain that β 2 = −α 3 and β 3 = α 2 . Hence the system (9) becomes (10)
We now introduce the complex coordinate z = u + iv. Then, using (10), we obtain (11)
where we have put φ = 1 2 (α 1 − iβ 1 ) and ψ = α 2 + iα 3 . Remark that we still have a degree of freedom in the choice of the surface x, namely, if we replace x(z) byx(z) = x(z) + ν(z)y(z), where ν is a real-valued function, then this will not change the immersion determined by (7) . Sincẽ
we may assume the function ψ to be purely imaginary, by taking ν(z) = −Re(ψ(z)). We shall do this from now on. Hence, (11) yields (12)
x z = φy + ψy z , xz =φy − ψyz.
In order to write down the compatibility condition for this system we need to compute y zz . Recall that (u, v) were isothermal coordinates on y and that z = u + iv. Hence we have y z , y z = yz, yz = 0, y z , yz = 1 2 e ω and h y (y z , yz) = 0. These formulae allow us to compute
from which we conclude that y zz = − 1 2 e ω y. Hence the compatibility condition of (12) is
This reduces to 
Proof. Remark that the plane, tangent to M 3 in E 5 , orthogonal o f * e 3 is spanned by {f * e 1 , f * e 2 }, but by construction, also by {y z , yz}. In view of Lemma 2, we can take e 1 and e 2 such that Comparing these two results proves all formulae stated in the proposition, except for the last one.
To prove the last formula, we consider ∇ e3 X = ∇ e3 (e 1 + ie 2 ) = b 2 (e 2 − ie 1 ) = −ib 2 X, and compare it with
In order to express the functions d 1 , d 2 and µ, we need data about the second fundamental form of the minimal surface y. Remark that the functions a 2 and a 3 given in Proposition 1 do indeed satisfy the fourth and the sixth equation of Lemma 2, which now read ∂a 2 ∂t = a 
